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ABSTRACT 
Let C be the general k-gonal curve of genus g > 4, k 2 4, and IFI the unique pencil of degree k on 
C. If C has a linear series IDI of cliff(D) 5 [(g - 4)/2] with deg D < g - 1, then 1 DI is compounded of 
IFl. Using this result, we also show that the Clifford sequence of C is {(k - 2),2(k -- 2), 
u(k -- 2), [(g - 1)/2], [(g - 1)/2] + 1,. ,g - 3) U Cl, where a = max{r / r(k - 2) 5 [(g - 4)/2]} and 
Cl 
I. 
is either { i(g - 3)/2]} or #. 
INTRODUCTION 
Let C be a smooth irreducible projective algebraic curve of genus g > 0 over 
the field of complex numbers. A base point free complete linear series IDI is said 
to be primitive if its residual series I& - DI is base point free, where KC de- 
notes the canonical divisor of C. Any curve C has trivial primitive linear series 
gz and I&l. And if g 2 4, then C has nontrivial primitive linear series. The 
Clifford sequence C = C(C) of C is defined by ordering the cliff(D)‘s of all 
nontrivial primitive linear series IDI’s of C in strictly increasing sequence, 
where cliff(D) = degD - 2 dim IDI. 
Let C be a general k-gonal curve of genus g > 4. If k = 2, any special linear 
series is compounded of gi and so C = (0). It has been proved in [CKMl] that 
if k=3 then X=(1,2,..., [(g - 2)/2]}. And by Brill-Noether theory C = 
{[(g - 1)/2], [(g - 1)/2] + 1,. . . ,g - 3) for the maximal k = [(g + 3)/2]. In 
* Partially supported by GARC-KOSEF and CSU. 
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[CKM2], they have proved that if k > 4, then the general k-gonal curve has 
primitive pencils of degree n for any number n with [(g + 3)/2] 5 n 2 g - 1. 
Thus the upper part of C consists of the consecutive numbers 
[(g - 1)/21>~. . , g - 3. And they also proved that if g 2 n(k - 1) + 2, then ]rzgi 1 
is primitive linear series g,;, (Theorem (1.2) in [CKM2]). Thus the part of C 
smaller than [(g - 1)/2] contains all multiples n(k - 2). Thus they have pro- 
posed the following for the general k-gonal curve of genus g. 
Conjecture 1.1. Any number in C smaller than [(g - 1)/2] is a multiple of (k - 2). 
The conjecture obviously holds fork = 2 and k > [(g + 1)/2]. And they have 
proved the conjecture fork = 3, k = 4 and k = 5 in [CKMl] and [CKM2]. 
In this paper, we prove that for any k the conjecture holds possibly except 
one number of C. In particular, we see that if g is even then the conjecture is 
true. Moreover we prove in Theorem 2.1 that if the general k-gonal curve C of 
genus g has a linear series ]DI with cliff(D) < [(g - 4)/2] and degD < g - 1, 
then )DI is compounded of the unique pencil IF] of degree k on C. And using the 
theorem, we prove in Section 3 some results on the r-Clifford index and the 
length of the gonality sequence of a general k-gonal curve. 
2. CLIFFORD SEQUENCE OF A GENERAL k-GONAL CURVE 
Let C be the general k-gonal curve of genus g. If 2 < k 5 [(g + 1)/2], then C 
has the unique pencil IF] of degree k and any linear series of degree no more 
than I(g + 1)/21 on C is compounded of IF]. (See [AC2], Theorem (2.6).) (A 
linear series gi is said to be compounded of IFI if g; is a subseries of [DI such 
that ID] = ](dim ID])F] + B, B: base locus.) 
Theorem 2.1. Let C be the general k-gonal curve of genus g 2 4, k 2 4, and IF] 
the unique pencil of degree k on C. Zf C has a linear series )D( of cliff(D) 5 
[(g - 4)/2] anddegD 5 g - 1, then ID] is compoundedof IF]. 
In the theorem, we note that the condition that C has a ID] with cliff(D) 5 
[(g - 4)/2] implies k 5 [g/2] since the general k-gonal curve is of Clifford index 
k - 2. (See [B] or [KK].) And from the theorem, it trivially follows that any 
linear series gj; on C with cliff(gA) 5 [(g - 4)/2] and d 5 g - 1 is compounded 
of ]FI. 
Lemma 2.2. The general k-gonal curve C of genus g (k > 2) has at mostfinitely 
many pencils of degree [(g + 2)/2] w IC h. h are not compounded of the unique pencil 
IF] of degree k on C. 
Proof. If g is odd, then [(g + 2)/2] = [(g + 1)/2] and so it has proved in [AC2]. 
Thus we assume g is even. Suppose the general k-gonal curve has infinitely 
many pencils of degree (g + 2)/2 which are not compounded of IF]. Then the 
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pencils are base point free, since any linear series of degree no more than 
[(g + 1)/2] is compounded of IF]. To prove the lemma, we review the follow- 
ings. In [ACl], there is a smooth variety S over which there is a family of 
smooth curves p : X -+ S such that the morphism 4 : S -+ M, defined by 
4(s) = isomorphism class ofp-‘(s) is a finite dominant morphism, where M, is 
the moduli space of smooth curves of genus g. And there is also a variety Gi 
over S: parameterizing the pairs (smooth curve C, 81; on C)‘s over S. And there 
is the morphism T : Gi ---t M, is finite and dominant. 
Let E denote the closure in Gi xs GfgiZJj2 of the family of triples (general 
k-gonal curve C, unique pencil IFI of degree k on C! base point free pencil E 
of degree (g + 2)/2 on C which is not compounded of ]R’l)‘s. And let Mi,k be 
the locus of k-gonal curves in M,. Then there is a component Ea of Z such that 
dim Es > dim Mi,k + 1 = 2g - 5 + 2k + 1 by the assumption that the general 
k-gonal curve C has infinitely many pencils of degree (g + 2)/2 which are not 
compounded IFl. For a base point free linear series 2) we denote by yn the 
morphism associated with V. Then for a general member (C, IFI, I) of Eg, the 
morphism (CPIFI, (PE) : C + P' x P' is birational, since the unique pencil IFI of 
degree k on the general k-gonal curve C is simple and & is not compounded of 
IFI. Thus by Proposition (2.4) in [AC2], we have dim Es 5 2g - 5 + 2k, which is 
a contradiction to dim E’s > 2g - 5 + 2k + 1. Thus the general k-gonal curve C 
has at most finitely many pencils of degree (g + 2)/2 which are not com- 
pounded of IF]. q 
Proof of Theorem 2.1. If dim ID] = 0, then the theorem is trivial. Thus we as- 
sume dim IDI > 1. Suppose the general k-gonal curve has a linear series IDI of 
cliff(D) < [(g - 4)/2] with deg D 5 g - 1 and dim IDI > 1, which is not com- 
pounded of IFI. By the assumption, on the general k-gonal curve C, the set 
S(C) = {]DI:cliff(D) 5 [(g - 4)/2], degD I g - I, dim IDI 2 1 
and IDI is not compounded of IFI} 
is not empty. We define 
co(C) = min{cliff(D): IDI E S(C)} 
ro(C) = min{dim IDI : IDI E S(C), cliff(D) = co(C)} 
If Q(C) = 1, then there is a gj with cliff(gj) = d - 2 < [(g - 4)/2] which is not 
compounded of IFI. It cannot occur by Theorem (2.6) in [AC2]. Thus we have 
Q(C) 2 2. Since Mg’,k is irreducible, there are constant numbers c and r such 
that co(C) = c and ro(C) = r for the general k-gonal curve C. Hence we can 
define the nonempty set 
A(C) = {IDI E S(C): cliff(D) = c, dim IDI = r}. 
Suppose a linear series IDI = g; in A(C) has a base locus B. Then 
cliff((D\ - B) < cliff(D) = c, and so by the minimality of c the linear series 
IDI - B is compounded of IF]. Thus IDI = IrFl + B, which is impossible. Hence 
any ID\ in A(C) is base point free. For the linear series IDI in A(C), we denote 
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by C’ the image curve (ploi(C) in P’. Suppose the general k-gonal curve C has a 
IDI in A(C) such that the degree of (pi01 is equal to n and the genus of C’ is y. Let 
zl, y be the closure of the subvariety of M, whose points correspond to n-fold 
ramified coverings of genus y curves. Then by Riemann’s moduli count, 
dim zJ<2g+(2n-3)(1-y)- 2. Then by the assumption, dimM,‘,k = 
2g_5+2k<dimE’,,,. Hence if n > 2, then C’ must be rational. And then C 
has a base point free complete g,’ and IDI = Irg,‘I. So we have n = d/r = 
(cWD)lr) + 2 5 (Kg - 4)/21/2) + 2 I: [g/21 since cliff(D) 5 [(g - 4)/2], r > 2 
and g 2 4. Thus by Theorem (2.6) in [AC2], g,’ is compounded of IF] and so 
g,’ = IFI since any base point free complete pencil other than IFI is not com- 
pounded of IF]. Hence IDI = IrFI, which cannot occur. Thus (plol is birational. If 
r = 2, then C has infinitely many base point free complete pencils of degree 
d - 1. But it is impossible by Theorem (2.6) in [AC21 and Lemma 2.1, since 
d - 1 = (d - 4) + 3 I [(g - 4)/2] + 3 5 [(g + 2)/2]. Thus r > 3. 
Suppose there is no quadric hypersurface of rank no more than 4 containing 
the image curve C’. Then dim (201 > 4r - 3 by the sheaf exact sequence 
0 -+2,,(2) + C+(2) + @(2) + 0. Thus by Riemann-Roth theorem we have 
dim ]Z& - 201 2 0, since cliff(D) 5 [(g - 4)/2]. Hence by Clifford’s theorem, 
0 5 cliff(2D) I 2d - 2(4r - 3) and so d > 4r - 3. Then by the secant theorem 
(Theorem (1.2) in [CM]), there are infinitely many (2r - 3)-secant (r - 2)- 
planes, i.e., infinitely many effective divisors C Q’s of degree (2r - 3) on C 
such that dim ID - C Qil > 1. Suppose ID - C Qil’s are the same linear series 
]GI for infinitely many C Qi’s. Then C Qi E ID - GI for the infinitely many 
C Qi’s and so dim ID - GI 2 1, which implies that C’ is contained in a quadric 
hypersurface of rank no more than 4. It is a contradiction to the assumption. 
Thus for infinitely many C Qi’s, ID - C Qil’s are distinct. But because of 
cliff(D) 5 [(g - 4)/2], we have deg(D - C Qi) = d - 2r + 3 5 [(g + 2)/2]. 
Thus by Theorem (2.6) in [AC21 and Lemma 2.2, ID - C QiI’s are compounded 
of IF] for infinitely many C Qi’s. Set ID - C Qil = ]aFl + BQ, where a = 
dim ID - C Qil and BQ is the base locus of ID - C Qi]. Suppose u > 2. Then 
because of ID] = IuF + BQ + C Qil, th e curve C’ is contained in a quadric 
hypersurface of rank no more then 4, which is impossible. Thus ID - C Qil = 
IFI + BQ for infinitely many C Qi’s. So for infinitely many pairs of 
(C Qi> BQ)‘% C Qi + BQ E ID - 4 and hence dim ID - FI 2 1. It contradicts 
the assumption that C’ is not contained in a quadric hypersurface of rank no 
more than 4. 
Thus there is a quadric hypersurface of rank no more than 4 containing C’. 
Hence C has a base point free complete pencil gal with a 5 d/2 and 
dim ID - gj I 2 1. Because of deg D 5 g - 1, we have a 5 (g - 1)/2, and so 
g; = IFI by Th eorem (2.6) in [AC2]. Thus we obtain dim ID - FI 2 1. Assume 
cliff(D - F) 5 cliff(D). Then by the minimality of r and c, ID - FI is com- 
pounded of IF]. Set ID - FI = I&‘[ + D’, degD’ = d’, where D’ is the base lo- 
cus of ID - FI and dim ID - FI = a. Then there is no E E IFI such that E < D’, 
and IDI = I(u + l)F + D’I. On the other hand, Proposition (1.1) in [CKM2] says 
that for the general k-gonal curve C(k 2 2) if G E C(“), g > n(k - 1) + 2m and 
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there is no F E g; such that F < G, then dim ]nga + G] = n. But we have the 
following inequality 
(u + l)(k - 1) + 2d’ = ak + k - a - 1 + 2d’ 
= (ak + d’ - 2~) + (k + a + d’ - 1) 5 g. 
since cliff(D - F) = ak + d’ - 2u 5 cliff(D) 5 [(g - 4)/2] and [(g - 4)/2] > 
uk + d’ - 2u > a + k + d’ - 3 for k 2 4, a > 1. Hence by Proposition (1.1) in 
[CKM2], we have dim ID] = dim ](a + l)F + D’] = a + 1, which cannot occur 
since ID] is not compounded of IF]. 
Therefore cliff(D - F) > cliff(D) and so dim ID] -dim ID-F] 2 [(k + 2)/2]. 
By the base point free pencil trick, dim ID + F] -dim ID] > dim ID] - 
dim ID - F] L [(k + 2)/2]. Thus cliff(l) + F) < cliff(D) and dim ]Kc - D - F] 2 
g - d-t r - 1 - [(k - 1)/2] by Riemann-Roth theorem. If Y < [g/4], then 
dim ]Kc - D - F] >_ g - (d - 2r) - r - 1 - [(k - 1)/2] 2 1, since (k - 2) 5 
cliff(D) I [(g - 4)/2] and k < [g/2]. If r > [g/4] + 1, then dim ]Kc - D - F] = 
g - d + r - 1 - [(k - 1)/2] > 1, since d 5 g - 1 and k < [g/2]. Consequently, 
we obtain dim ]Kc - D - F] 2 1. Thus because of cliff(D + F) = cliff(& - 
D - F) < cliff(D), either ID + F] or I& - D - F] is compounded of IF] by the 
minimality of c. If ID + F] is compounded of IF], then so is ID], which is im- 
possible. Thus ]Kc - D - F] is .compounded of IF]. We set ]Kc - D -F] = 
]bF] + E’, where E’ is the base locus of [Kc - D - F] and b = dim ]Kc - D - F]. 
Then b>g-d+r-l-[(k-1)/2] and bk 5 deg(Kc - D - F) = 2g - 2- 
d - k. Hence k(g - d + r - 1 - [(k - 1)/2]) 5 bk 5 2g - 2 - d - k. Thus if we 
setf(k) =2g-2-d-k-k(g-d+r- l)+k(k- 1)/2,thenweshouldhave 
f(k) 2 0. But 
2f(k)=-(k-2)g-(k-2)(g-d)+k(d-2r)+k2-k-4 
<-(k-2)g-(k-2)+k(g-4)/2+k2-k-4 
< -((k - 4)/2)g + k2 - 4k - 4 < 0, 
since cliff(D) I: [(g - 4)/2], d 5 g - 1, and 4 L: k < [g/2]. It is a contradiction. 
Accordingly, there is no quadratic hypersurface of rank no more than 4 con- 
taining C’, which is impossible. Therefore S(C) is empty for the general 
k-gonal curve C. As a consequence, if the general k-gonal curve C has a linear 
series ID] of cliff(D) I [(g - 4)/2] and degD < g - 1, then ID] is compounded 
of/F]. 0 
From the theorem, we obtain the following (Conjecture (4.1) in [CKM2]), 
since primitive linear series is base point free. 
Corollary 2.3. Under the same assumptions of Theorem 2.1, if C has a primitive 
linear series gL; ofcliff < [(g - 4)/2] and d 5 g - 1, then g; = ]rF]. 
From the above, we can see that the Conjecture 1.1 holds possibly except one 
number of Clifford sequence C and moreover the conjecture is true if g is even. 
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Corollary 2.4. Let C be the general k-gonal curve of genus g, k > 4. Then 
the Clzfird sequence C of C is {(k - 2), 2(k - 2), . . . , a(k - 2), [(g - 1)/2], 
[(g - 1)/2] + 1,. . . ,g - 3) u Cl, wh ere a = max{r 1 r(k - 2) < [(g - 4)/2]} and 
Cl is either {[(g - 3)/2]} or $. In particular, if g is even, then C is 
{(k - 2), 2(k - 2), . . . ,a@ - 21, k-4/&g/2, (g/2) + 1,. . . ,g - 3). 
Proof. Corollary (3.1.3) in [CKM2] says that any number n with [(g - 1)/2] 5 
n 5 g - 3 occurs in the Clifford sequence C of the general k-gonal curve of 
genus g if k > 4. And by Theorem (1.2) in [CKM2] and Corollary 2.3, the part 
of C no more than [(g - 4)/2] consists of multiples of (k - 2). Thus the result 
follows. 0 
3. SOME MISCELLANIES 
Let C be a smooth curve of genus g 2 4. The gonality sequence of C is defined 
by the sequence (dl , d2, . . .), where for the number r 
d,=min{d: thereisagionc, dig-1). 
Then the sequence is strictly increasing and d, < rdl. If C is k-gonal, dl = k 
and so d, 5 rk. And if we set L = max{r : there is a g;_ 1 on C}, then L is the 
length of the gonality sequence of C. Thus if C is a k-gonal curve of genus g, 
then L > [(g - 1)/k] since dim Irglj > r. But if k < 3, then d, = rk and 
L = [(g - 1)/k]. Thus for k 5 3 the length L of the gonality sequence does not 
distinguish the k-gonal curves of genus g. Thus we are interested in the gonality 
sequence of k-gonal curve and its length L. And we see that 4-gonal curves of 
genus g can have distinct lengths of the gonality sequences. 
Theorem 3.1. Let C be the general k-gonal curve of genus g > 4. Zf r(k - 2) < 
[(g - 4)/2], then d, = rk. 
Proof. Since d, = kr for k 5 3, we assume k 2 4. Let r be the number no more 
than [(g - 4)/(2(k - 2))] and ID] (complete by the minimality of dr) a linear 
series of dimension r and degree d, on C. Because of d, 5 rk, we have 
cliff(D) = d, - 2r 2 r(k - 2) < [(g - 4)/2] and hence ID] is compounded of 18’1 
by Theorem 2.1. Hence IDI = /rFl since ID] is base point free by the minimality 
of d,, which proves the theorem. q 
Remark 3.2. In particular, for the general 4-gonal curve C of genus g, any 
number d, 5 4[(g - 4)/4] of the gonality sequence is equal to 4r. 
If a smooth curve C of genus g 2 4 has a gi with d 5 g - 1, we define the 
r-Clifford index of C by 
cliff,(C) = min{cliff(D): dim ID] 2 r, deg D 5 g - 1) 
Then cliff, + i (C) > cliff,(C) and l-Clifford index of C is the Clifford index of C. 
And any k-gonal curve C of genus g has the r-Clifford index of C with the in- 
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equality cliff,(C) 5 r(k - 2) for r < [(g - 1)/k]. since dim Irgi j 2 r. In parti- 
cular. if r = I, then the equality cliff(C j = (k - 2) holds for the general k-gonal 
curve. (See [B] or [IX].) In the following, we generalize the result. 
Proposition 3.3. Let C he the general k-gonal curve of genus g2 4, k > 4. Q” 
(k - 2)r 2 [(g - 4)/2]. then cliff,(C) = (k - 2)~. 
Proof. Let r < (g - 4)/(2(.k - 2)). Supp OX (DI computes the v-Clifford index 
of C, i.e., cliff(D) = cliff,(C), dim IDI 2 r and deg D < g - I. Then because of 
cli&(C) 5 (k - 2)r on the k-gonal curve C, we have cliff(D) < [(g - 4)/2]. 
which implies that IDI is compounded of the unique pencil (Fl of dcgrcc k on (7 
by Theorem 2.1. Thus ID’ = t(dim IDljFt, since IDi is base point free by lhe 
minimal&y of cliff(D) = cliff,(C). Hcncc cliff(D) = (X- - 2) dim IDI < jk - 2)~. 
which gives dim IDI = F. Thus the result follows. q 
Lemma 3.4. Under the same assumption of Proposition 3.3, if Chus the r-Clr@rd 
inde.x with clif&(C) 2 (k - 2)r. then r 2 [(g - 1)/k]. 
Proof. Let IDI compute the r-Clifford index of C. Then dim IDI ;‘ I and so 
degD > kr since cliff(D) 2 (k - 2)r. Hcncc WC have r 5 [(g - 1)/k] since 
degD<g- 1. 0 
Proposition 3.5. Let C be the general 4-gonal curve qf genus g 2 4 and L the 
Length qfthegonalit.~sequence qf C. Then [(g - 1)/4] 5 L 5 [(g + 1)/4] 
Proof. Let IFI be the unique pencil of degree 4 on C. Then we have L > 
i(g- I)/41 since deg(Kg- 1)/4lF) IR- 1 and dimI[(g- 1)/4lFI > [(g- I)/41 
Suppose L > [(g - 1)/4]. By definition of the length L Ihe curve C has Ihe 
L-Clifford index. Then cliffl(C) < ZL by Lemma 3.4. l.ct ID compute the 
L-Clifford index of C. Then dim IDI - L since L - max{y 1 there is a gL_, on 
C). Thus cliffL(C) = cliff(D) < 2dim IDI, and hence InI is nnt compounded of 
IFI. So by Theorem 2.1 we have [(g - 4)/2] + I < cliff(D) = dep D ~ 2L, which 
implies L < [(g + 1)/4] since deg D 5 g - 1. R 
Remark 3.6. Let C be a 4-gonal curve of genus g > 12. Then by Proposition 
(X5.3) in [CKMl], the curve C is bielliptic if and only if the length of the 
gonality sequence is [(g - 3)/2], which is different from that of a general 
4-gonal curve by Proposition 3.5. 
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